Using different types of proximity potentials, we have examined the trend of variations of barrier characteristics (barrier height and its position) as well as fusion cross sections for 50 isotopic systems including various collisions of C, O, Mg, Si, S, Ca, Ar, Ti and Ni nuclei with 1 ≤ N/Z < 1.6 condition for compound systems. The results of our studies reveal that the relationships between increase of barrier positions and decrease of barrier heights are both linear with increase of N/Z ratio. Moreover, fusion cross sections also enhance linearly with increase of this ratio.
INTRODUCTION
In recent years, using the neutron-rich projectiles and the formation of the neutron-rich heavy nuclei, the interesting properties of these fusion reactions have been discovered. In general, the compound nucleus resulting from the fusion of the neutron-rich nuclei is placed far from the β-stability line. Furthermore, increasing the neutrons in the interaction nuclei leads to reduction fusion barrier height. Therefore, fusion cross section increases for neutronrich projectile nuclei, with respect to nuclei that lying near the stability line [1, 2] .
For the first time, R. K. Puri et al. performed a systematic study on the isotopic dependence of fusion cross section [3] . They calculated nuclear potential using the Skyrme energy density model (SEDM), which it is quite successful in explaining the fusion of two interaction nuclei at low energies [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , for different colliding systems involving
A 2 Ni and A 1 Ni+ A 2 Ni with 1 ≤ N/Z ≤ 2. In this condition, N and Z is neutron and proton numbers of compound nucleus in each reaction. According to Ref. [3] , with increasing neutron in each group of these colliding systems, the barrier heights V B decrease and the fusion cross sections σ f us increase. Moreover, the variations of R B , V B and σ f us with increasing ratio (N/Z) are linear (see Eqs. (11), (12) and (15) of Ref. [3] ).
Recently, R. K. Puri and N. K. Dhiman have also carried out two systematic studies on the isotopic dependence of fusion probabilities using SEDM and several different theoretical models such as parameterized potentials due to Christensen and Winther, Ngô and Ngô and etc. Their investigations is consist of two ranges of different isotopes collision of Ca and Ni nuclei with 0.6 ≤ N/Z ≤ 1 [15] and Ca, Ni, Ti and Ni nuclei with 0.5 ≤ N/Z ≤ 1 [16] . Their results show that the variations of heights and positions of barrier are non-linear (second order), whereas the fusion cross sections vary as linear with increasing ratio of N/Z for colliding different systems (for example, see Eqs. (11) and (12) of Ref. [15] ). The study of neutron rich nuclei is also reported at heavy-ion collisions with intermediate energies.
The effects of isospin degree of freedom in collective and elliptic flow have been studied, for example, in Refs. [17] [18] [19] [20] .
In this paper, we have performed a systematic study on the relationships between variations of heights and positions of barrier and fusion cross sections with increasing N/Z ratio by using the different proximity-type potentials, which shall be introduced in the following section. We have selected thirteen groups of isotopic systems, namely Ti with 1 ≤ N/Z < 1.6. In all these systems, the empirical data have been reported (see Table 1 ). In this work, we follow the procedure proposed in Ref. [3] .
THE PROXIMITY FORMALISM
The interaction potential between target and projectile nuclei is one of the most important factors in the description of the fusion reaction. In general, this potential consists of two parts, short-range nuclear attraction V N (r) and large-range coulomb repulsion V C (r). Proximity model is one of the practical types in calculation of nuclear potential. When two surfaces are approaching each other, approximately in distance of 2-3 fm, an additional force due to the proximity of the surface will appear which is called as proximity potential. All versions of this model are based on the proximity force theorem [21] . According to this theory, nuclear part of total interaction potential is product of a factor depending on the mean curvature of the interaction surface and a universal function depending on the separation distance. Furthermore, nuclear potentials in the proximity formalism are independent of the masses of interaction nuclei. Using the proximity potentials dependence on the liquid drop model, one expects that the nuclear matter incompressibility is one of the intrinsic properties in this formalism.
12 different versions of the proximity model have been introduced by R. K. Puri et al. in Ref. [22] . Their investigations show that all proximity potentials are able to reproduce experimental data within 10%, on the average. Among various potentials in Ref. [22] , the Aage Winther (AW 95) [23] , Bass 1980 (Bass 80) [24] and Denisov Potential [25] (Denisov DP, which in this paper we have used as Prox. DP) have the best agreement with the experimental data. Therefore, in first step, we have selected these versions for calculating the nuclear potential. In addition to above potentials, we have used the Proximity 2010 (Prox. 2010) potential [26] for study of the isotopic dependence in all thirteen mentioned systems. In the following subsections, we have briefly introduced these versions of proximity potential.
A. Aage Winther (AW 95)
Aage Winther, in 1995, introduced a form of nuclear potential by taking Woods-Saxon parametrization as [23] ,
with
here surface energy coefficient γ has the following form
Winther adjusted the diffuseness a and radius R i parameters through a wide comparison with experimental data for heavy-ion elastic scattering. This refined adjustment leads to a new form of a and R i parameters, which have been defined by Eqs. (8) and (9) of Ref. [23] .
B. Bass 1980 (Bass 80)
Bass in 1977 [27] and 1980 [28] introduced a nucleus-nucleus potential which is labeled as Bass 80. This potential has been derived from the liquid drop model and geometric interpretation of the fusion data in the above regions of the barrier for systems with Z P Z T = 64 − 850. In this model the nuclear part of the interaction potential can be written as [24] ,
where
Here the universal function Φ(s) has the following form,
with central radius, R i , as
where the sharp radii R s has been defined by using the Eq. (4) of Ref. [22] .
C. Denisov DP (Prox. DP)
Denisov, using the semi-microscopic approximation and examination of 119 spherical or near spherical even-even nuclei around the β-stability line, has defined an expression for nuclear part of total interaction potential as the following form [25] ,
. The explicit form of the universal function Φ(s) and effective nuclear radius R i have been defined by Eqs. (11), (12) and (13) of Ref. [25] .
D. Proximity 2010 (Prox. 2010)
The effect of surface energy coefficient γ in the proximity potential, has been discussed in Ref. [26] . In this study, four different versions of surface energy coefficient γ have been introduced based on the Prox. 77 potential [21] . The obtained results show that the barrier heights and positions as well as fusion cross sections due to Prox. 77 potential with new surface energy coefficient, namely γ-MN1976, have the best agreement with experimental data (see Figs. (3) and (4) of Ref. [26] ). This modified proximity potential is labeled as proximity 2010. In this model, the nuclear potential V N (r) has the following form,
Among different values for constants γ 0 and K s , the set of γ 0 = 1.460734 MeV/fm 2 and K s = 4.0 have the best results for barrier heights and fusion cross sections in the many systems that have been evaluated in Ref. [26] . In Eq. (8), R is the reduced radius and C 1 (or C 2 ) is known as Süssmanns centarl radius. The explicit form of these parameters as given by Eqs. (2) and (3) of Ref. [22] . The universal function Φ(r − C 1 − C 2 ) has been defined by Eq. (6) of Ref. [22] .
CALCULATIONS
In order to calculate the nuclear potential, we have employed four versions of the proximity model, i.e. AW 95, Bass 80, Prox. DP and Prox. 2010 potentials. By adding the Coulomb potential to a nuclear part, we get the total potential V T (r) as,
where V C (r) = Z 1 Z 2 e 2 /r. On the other hand, one can determine the barrier position R B and height V B by the following conditions,
The calculated values of the R B and V B resulting from the AW 95, Bass 80, Prox. DP and Prox. 2010 potentials have been listed in Table 1 -4. In these tables, the values of the Coulomb V C (r) and nuclear V N (r) potentials in r = R B have also been listed for each reaction. As a result from this calculations, positions and heights of barrier, respectively, increase and decrease with addition of neutron in different colliding systems. The experimental data for barrier heights and fusion cross sections are available for systems with nuclei that are little far from the stability line. However, using the proposed semi-empirical approach in Ref. [29] , one can calculate the cross sections for fusion reactions, but doing this work requires the independent calculations which we will employe it as a useful approach in the further investigations. Although, all considered potentials are already applied to more than 400 reactions and compared with data [22, 26] , in Fig. 1 For systematic study of the variations of R B and V B , the percentage difference of the heights and positions of the fusion barrier with respect to their corresponding values for the N=Z cases defined as,
where R 
whose the values of the constants α and β for AW 95, Bass 80, Prox. DP, and Prox. 2010 potentials have been listed in Table 5 . We expect that with increase of neutron in the interaction nuclei of thirteen groups of colliding systems, the nuclear attractive force increases and therefore the heights of barrier decrease (see Fig. 2 ). To display the increase of nuclear potential with addition of neutron, like Eqs. (14) and (15), we have parameterized the trend of V N variations. The obtained results have been shown in Fig. 3 . As one can see from this figure, the nuclear potential, like height and position of barrier, increase linearly. This process has been parameterized by following relations,
whose the values of the constants γ for our selected potentials have also been listed in Table  5 .
One can also examine this phenomenon by a different approach. According to the Pauli exclusion principle, which prevent the overlapping of the wave functions of two systems of fermions, we expect the interaction potential between two colliding nuclei will contain an additional repulsive interaction. In nuclear fusion process, when two interaction nuclei complete overlap the nuclear matter density is twice that of the saturation case, ρ ≈ 2ρ 0 . This conduct of density distributions have been displayed, for example, for 40 Ca + 40 Ca fusion reaction in Fig. 4 . In this figure, the solid curves are based on the density distributions of the target and projectile nuclei, whereas the short-dashed curves are based on the total density distribution. It is clear from Fig. 4(c) that the total density at complete overlap of interaction nuclei almost becomes twice its initial value.
According to the nuclear equation of state, where energy per nucleon is proportional to density, increasing density in the overlapping region of two interacting nuclei leads to an increase in the energy of the compound system. This increase of the energy can be attributed to the short-range repulsive interaction in the nuclear part of total interaction potential. By modeling the repulsive core effects [30] , shallow packet appears in the inner part of the barrier (see, for example, Fig. 2 of Ref. [30] ). The effect of nuclear matter incompressibility on the inner regions of the fusion barrier and the depth of pocket is essential. As a result, a soft nuclear matter provides a deep pocket , whereas a hard one provides a shallow pocket. With the addition of neutrons in each of the thirteen interaction systems, we expect that the nuclear matter increases in the overlap region of the density distributions. This phenomenon leads to an increase of energy and consequently increase of repulsive force resulting from nuclear matter incompressibility effects. This additional repulsive force increases the barrier height and reduces the potential depth.
In Fig. 5 , for example, we have shown the total interaction potential by using the two versions of proximity potential, AW 95 and Prox. DP, for A 1 Ni+ A 2 Ni system. As can be seen in Fig. 5 , with increasing neutron in fusion reactions, the pocket energy V pocket is reduced. Therefore, it is predictable that the increase of attractive force could be dominate the increase of the repulsive force.
One-dimensional barrier penetration is one of the applied models for calculation of the fusion cross section. In this formalism, the fusion cross section is given by,
where T l (E c.m. ) is the quantum-mechanical transmission probability through the potential barrier for the l-th partial wave and µ is reduced mass of the target and projectile system. With assumption that the width and position of the barrier are independent of angular momentum l and with E c.m. ≫ V B , the Eq. (17) is reduced to sharp cutoff formula,
In Fig. 6 , we have displayed the fusion cross sections, Eq. (18), for 40 Ca+ 58,60,62 Ni systems using all four proximity potentials. In this figure, the dashed, short-dashed and dash-dotted curves based on the calculated fusion cross sections for 40 Ca+ 58 Ni, 40 Ca+ 60 Ni and 40 Ca+ 62 Ni, respectively. One observes that the obtained results have a good agreement with experimental data [31] , in above barrier. Moreover, with addition of neutron in these fusion reactions, the fusion probabilities are increased.
The percentage difference for fusion cross section is given by the following relation, 
where the values of constant c for different potentials and energies have been listed in Table  5 . In order to reduce the barrier height with increasing neutron, see Table 1 -4, one expects an increase of fusion cross section in each of the interaction systems. This phenomenon is well visible in Fig. 7 .
CONCLUSION
Our purpose in this paper is a systematic study on the neutron excess effect in 50 isotopic reactions
Ti with 1 ≤ N/Z < 1.6. The nuclear part of total interaction potential has been calculated by using the proximity potentials AW 95, Bass 80, Prox. DP, and Prox. 2010, whose values of heights and positions of the barrier and fusion cross sections in these potentials according to Refs. [22, 26, 32] , have the best agreement with experimental data. In this work, the obtained results are included the following cases:
(i) We have found a linear relation between changes of the barrier position ∆R B and barrier height ∆V B with increasing of the ratio N/Z in thirteen groups of the fusion reactions (see Eqs. (14) and (15)). (ii) The parametrization of nuclear potential V N (r) in r = R B shows that the trend of V N (r) versus N/Z ratio is linear for all considered potentials. (iii) The changes of the fusion cross sections ∆σ f us with increasing of the ratio N/Z in thirteen groups of the interaction systems are linear (see Eq. (20)). (iv) The reduction the Coulomb barrier height and consequently increase of the fusion cross section has been attributed to increase of the attractive force due to neutron excess. (v) The attractive force resulting from adding neutrons can be overcome on the repulsive force due to the incompressibility effects.
As a further investigation, one can examine the addition of neutron effects using a systematic study based on the dynamic approach. Ning Wang et al., using improved quantum molecular dynamics (QMD) model, have discussed the influence of dynamic corrections in the near coulomb barrier [33] . The values of Coulomb barrier height and the depth of the mean potential well of the compound nuclei have been calculated in fusion 40 Ca+ 90 , 96 Zr and 48 Ca+ 90 Zr at energies E c.m. = 95.0 MeV (below the barrier) and E c.m. = 107.6 MeV (above the barrier) (see Table III of Ref. [33] ). The obtained results show that dynamic effects decrease height and thickness of barrier. All these problems are very important for further understanding the mechanism of neutron or proton rich nuclei. We are going to study these aspects in future works. Fig. 1 
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